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The Determination of Association Constants for a
Two-Solute System. I. Colligative Methods”

Robert F. Steiner

ABSTRACT: A general method is outlined for obtaining
association constants for a system of two different as-
sociating species, which can associate with themselves

’I:le problem of determining the consecutive equilib-
rium constants for an associating system from molec-
ular weight data is a recurrent one in biochemistry.
While proteins furnish many examples of associating
systems (Reithel, 1963), there are also numerous cases
of small molecules or ions which associate in solution
(Ts’o et al., 1963).

Several experimental approaches are available for
obtaining molecular weights for systems of this kind. Of

* From the Laboratory of Physical Biochemistry, Naval Medi-
cal Research Institute, Bethesda, Maryland. Research Task
MRO005.06-0005. Received February 9, 1968, The opinions in
this paper are those of the author and do not necessarily reflect
the views of the Navy Department or the naval service at large.

or with each other in any proportion. The theory applies
to colligative methods, which yield number-average mo-
lecular weights,

these, osmotic pressure and the other colligative
methods yield number-average molecular weights, while
light-scattering and sedimentation equilibrium yield
weight-average quantities. The colligative methods other
than osmotic pressure, such as freezing point depression
and vapor pressure lowering, are primarily applicable
to small molecules of molecular weight less than 103,
while the other techniques apply to biopolymers.
Several procedures are available for computing the
association constants of a self-associating system, in
which a single component forms dimers, trimers, etc.
For an association process of the type
A+ATT A A+ATTA; . AL+
ATz A O
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the molar concentration of each species is given in terms
of a set of association constants K; by an expression of
the form

[A] = KJA] (K1 = 1) 2

where [A] = molar concentration of free A units, The
existing treatments for obtaining the values of X for the
consecutive association steps all rely upon similar pro-
cedures for computing the mole fraction of monomer
units from the observed concentration dependence of
number-average or weight-average molecular weight
(Steiner, 1952, 1954; Adams, 1964, 1965; Adams and
Fujita, 1963; Adams and Williams, 1964). In the former
case, for ideal conditions (Steiner, 1954)

Inxs = f m(a,,—l - 1)di” 3)
0 m

where x4 = [A]/m = mole fraction of monomer units,
m = total molar concentration of all species = ZK[AY,
o, = number-average degree of association = M, /My,
M, = number-average molecular weight, and M, =
molecular weight of a monomer. If the total weight con-
centration is ¢, then

m = c[M, ©

The consecutive association constants may be found
from the equation (Steiner, 1954)

m
i 1 + KJfA] + KAl + ... &)

This may be done either by graphical analysis of limit-
ing slopes or by polynomial fitting.

A general method for the analysis of a system con-
taining two different monomer species is not at present
available. Examples of such systems are numerous in
biochemistry, including the antigen—-antibody reaction,
the interaction of trypsin and chymotrypsin with pro-
tein inhibitors, the hemoglobin—haptoglobin interac-
tion, the association of nonidentical subunits of an en-
zyme, the complexing of lysozyme with plasma albumin
or ovalbumin, and the association of purines and pyrim-
idines in solution.

The present paper will outline one possible approach
to this problem. The most general model is that of a sys-
tem consisting of two molecular units, A and B, each of
which may associate with itself, or with the other mono-
mer unit, in any proportion.

A+ATTAGAF A CTA;; . A+
AT A,
B+BXBy;;B+B, = Bs; ... By -+

BE=B; (6

A + B AB; AB - B> AB;; AB +
A<_A2B; . A{_lBj+A<_AiBj
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Most actual cases will represent simplifications of the
genera! model. Thus one, or both, of the monomer units
may often not undergo self-association. The theory de-
veloped here will be applicable to any experimental pro-
cedure yielding number-average molecular weights.

Theory

The treatment to be presented here applies to an as-
sociating system containing two different monomeric
species, which exhibits ideal behavior, so that the ap-
parent number-average molecular weight is equivalent
to the actual value.

In practice, both the total concentration and the ratio
of total B to total A may be varied. In this way a series
of curves of number-average molecular weight vs. con-
centration may be obtained, corresponding to a set of
different over-all compositions.

The molar concentration of each species in the system
described by eq 6 is given by

[AB)] = sz[A]i[B]j (Kio = Kpn = 1; Ko = 0) (D)

We then have for the total molar concentration of all
species

m = 23 K JABY ®

The total molar concentration of all monomer species is
given by

my = mat my,. = 2K, [ATBY +

A om om
E iK,[A][B] = — -
- JK{AT(B] [A]a[ ] [B]O[B] ®

and

[ ]O[A] Ma,t
om
[B]a[Bj M3 ,¢

Here ma, and mp,, are the total/ molar concentrations
of A and B units, respectively, whether free or com-
plexed.

Since ¢ = total weight concentration = M,m and
M, = number-average molecular weight when associa-
tion is absent

aMa,e + BMB,¢ - i (10)
Ma, + Mn.. N,

we have

my= S = aym an
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where «, = M,/M, = number-average degree of
association.
Substituting ineq 9

may — (A1 — B2 < 0 12)
O[A] o[B]
Let us for the present assume that the ratio of ms,; to
ma.¢ 18 constant and equal to 8. This corresponds to the
experimental situation where only the total weight con-
centration is varied, the ratio of the total molar (or
weight) concentrations of B and A remaining constant.
Then

mp,e = BMa (13)

where 3 is constant and

om om
[B]aﬁ] = B[M(TA]

Substituting in eq 12

om
ma, — (1 + B)[A]a—[_M =0 (14)
or
om
mo, — (1 +B)bln[A] -

This may be integrated to yield

mmr41+mfm;+nmn (15)

a

where F([B]) is an arbitrary function of [B]. This may be
placed in the form

G(m,[Al[B]) = 0 (16)
where
dm
G=mw—a+mf — F(B)
[eP44]
We then have
om _ _OGOlA] _ _ awm an
O[A] oG/om [AI + B8)
om _ OGP[Bl _  aym dF
dB]  oG/om 1 + Bd[B]
Substituting ineq 12
agn — 2w e AR g

T 148 1+ 8dB

and F([B)) = —8 In [B] + C, where C is a constant.
Thus, we have from eq 15 and 18

1MM+BMBF41+@fm"+C (19)
o
Since

[A] = xam; [B] = xsm (20)

where x5 and xy are the mole fractions of monomeric
A and B, respectively, we have

dm

In[A] = In x4 + f 1)

m
mm:mn+f@
m

and
Inxs, +8Ilnxp =

(1+mfﬂmﬂ—1ﬂf+0(n)
0 m

If association is absent, o, = 1 and the integral vanishes.
In this case

Ma.t 1
= S = 23
XA s 1+ 8 (23)
xB = mB't = —%6
me 14+ 8
so that
1 B
C=1 -+ Bln
"1y 1+8
and

mn+5mm=a+v4R%ﬂ—n%+
0

8
1
s P

In

(24)

Equation 24 is the analog of eq 3 for a two-compo-
nent system and is applied to molecular weight ¢s. con-
centration data at constant 3. If species B is absent, 8
= (O and eq 24 reduces to eq 3, the parallel equation for
a self-associating system. Equation 24 provides the key
for the analysis of two-component systems.

Special Cases. It is profitable at this point to consider
three special cases, frequently encountered in practice,
which the mole fractions of A and B may be obtained
directly with the use of eq 24.

(a) If j € 1, so that no more than one residue of B oc-
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B=10

B=20

10

1 L I
XG40 %040
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FIGURE 1: The number-average degree of association as a
function of m, for two values of 3 for the reaction A + B =
AB(K = 105; My = My = 105).

curs in any complex and A and B do not self-associate,
then the only equilibria are

A+ B<=AB;A + ABT=AB; ...A +
ATZAB (29

We then have
m = [A] + mz, (26)
Xs = (m — mp.)/m

This may be substituted directly in eq 24, yielding xz.
If x4 and xs are known, [A] and [B] may be obtained
from 20. When [A] and [B] are known, the consecutive
association constants may be found from the relations

m = [A] + [B] + Kul[Al[B] 4+ Ku[A]IB] 4 ... (27)

~ [A] - [B]
y(B)="—"12 T
([B) [A]

at constant 8

dY
(d_ﬁs']>m-o = K

d (Y- KB\ _
{d[m( [A] >}m Ko, et

also

Y
lim — = Ky, etc.
0 [B 11y

(b) If the restriction upon the self-association of A is
removed, then in addition to eq 25, we have equilibria
of the kind given by eq 1. We then have

m = [A] + g(A] + ms,. (28)

STEINER
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where
g(AD = Y K.JAT
>4

when [B] = 0
= m — [A]

By independent measurements upon pure A, [A] may be
obtained as a function of [A] 4 g ([A]), using eq 3. Then

[A] + g(AD = m — mp., (29)

Using eq 28 and 29, [A] may be obtained. [B] may then
be computed from eq 24. Defining

Z([B) = (m — [A] — glA] — [BD/[A] (30)

we have at constant 3

dz
(@)oo

{—d—<Z—————_ Kll[§]>} = Kzl etc
dBN\  [A] =m0 T

(©) If A and B associate to form a dimer, which sub-
sequently associates, so that the only equilibra are

AB -~ A3B3, etc. (32)

Then, if3 =1
ln Xa = 1[1 XB (33)

and fromeq 24

21ln x, = Zf (e~ — l)d*nf' + 21In (') (34
0 m
m dm
In (xa) = f (™t = 1)— + In (%))
0 m
Since

m = [A] + [B] + Ku[Al[B] + K[A]B]* 1+ ... (35)

Y = (m — [A] — [B]))/[A]

- ()
d[B] m=0

d
K = {E[E] (- Ku[B])/[A][B]]}m:O

at constant 8
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General Case. We return to the more general case,
where there is no restriction upon the number of A or B
units in any complex species. The value of [A] or [B] can-
not in this case be computed directly from a simple re-
lationship, such as eq 26 or 29. To obtain a second equa-
tion, in addition to eq 24, which relates x, and xs, mea-
surements may be made for a series of different values
of 8. In this way a family of curves of «, ¢s. m may be
obtained for a wide range of 8 values (Figure 1).

If a vertical line is drawn through the family of curves,
corresponding to a particular value of m, a series of
points is obtained giving «, as a function of 3 at con-
stant m. If the right-hand side of eq 24 is designated as
¢, there corresponds a value of ¢ for each value of 3. The
values of ¢ may be computed from eq 24, evaluating the
integral by graphical integration.

When m is constant, then a relationship exists of the
form

m(ln [A,In[B]) = C (36)
or
m(n[A), In[B)) — C =0
and

dln[é] _dlnxy
din[B] dlnxs

_ _ omdIn[B]
T om/d In[A]

ns.t

= -T2 g

Ma.e
Thus, if m is constant and 3 varies

dlnxs = — BdIn xp (m = constant) 3D

fdlnxA —fﬂdlnm

—B ln XB + fh'l XB d,B

i

If integration is carried out from 3 = 0 to § at constant
m, we have

8
Inxs = —B1Inxs + f In xp d3 (38)
0

Introducing eq 38 into 24, where the value of ¢ is evalu-
ated for the given values of 3 and m

8
f In xedB = éun (39)
0

Or, upon differentiating

In xs a8 40)

The value of In x3 is thus equal to the slope of the tan-
gent to the curve of ¢ vs. 3 at the given values of m and
8. Combining this with the value of In x4 + 8 In x5 ob-
tained from eq 24, In x, may be computed for these val-
ues of mand 8.

Ifxs and xg are both known, [A] and [B] may be ob-
tained. The values of the consecutive association con-
stants may be computed from the equation

m — [A] — [B] — g([A]) — A((B]) =
X([ALIBD = Ki[AlB} + Ku[A]lB]® +
Ku[A](B] ... (4D

where

g(AD = 2K AT
3

K(BD = 2 KofBY
i3l

The quantities g and 4 may be obtained as functions
of [A] and [B], respectively, by independent measure-
ments upon pure A and B. If A and B do not self-asso-
ciate, g = h = 0. The heterogeneous association con-
stants may be computed from (at constant 3)

d X
K 1 = —\ —- 42
' d[B]([A]>m=o 42

d X
K = fm(ﬁéﬁ) e

To summarize, the computation of a complete set of
association constants requires in the most general case:
(a) experimental values of «, as a function of m(=my/a,)
for a series of values of 3; (b) computed values of ¢ as a
function of 3 for a series of values of m.

Computation Methods. As a simple example consider
the system A + B & AB, with Kj; equal to 10%, Figures
1 and 2 show «, as a function of m. and (a,~! — 1)/m as
a function of m, respectively, for two values of 3. Figure
3 shows the variation of ¢ with 8 form = 2.0 X 10-4.

The integral
m -1 _
f oi___ldm
0 m

for a particular value of 8 is equal to the areas under the
curves of Figure 2. Using curves drawn from six points,
the values of ¢ for m = 2.0 X 1074, as obtained on this
basis from eq 24, agree to within 197 with those com-
puted directly.

The estimation of In xg from d¢/d@ by purely graph-
ical methods is subject to considerably more error. For
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FIGURE 2: Values of (an™! — 1)/m as a function of m for the
two curves of Figure 1.

the numerical example considered here, the uncertainty
in In xp, as obtained from the slope of the tangent, is
about 5%. Form = 2 X 10~4 3 = 1, the correspond-
ing uncertainty in xs is about 109]. For actual data,
with some scatter, the error may of course be greater.

In practice the method of choice for obtaining d¢/d3
would of course be by computer fitting of the experi-
imental values of ¢ vs. 8 to a polynomial in 8. The nu-
merical value of d¢/dg for particular values of 8§ and m
can be obtained in this way with considerably more pre-
cision, to within 197 in favorable cases.

The final step of evaluating the association constants
from the dependence of m upon [A] and [B] may be
carried out either by direct graphical methods, or by
polynomial fitting, using a computer (Jeffrey and
Coates, 1966). If computer facilities are available the
latter is probably the method of choice.

Discussion

The theory outlined in the preceding section applies,
in principle, to a completely general model, subject to
the assumption of ideality. In practice, the latter restric-
tion is rarely a severe drawback, since, at ionic strengths
of 0.1 or greater and concentrations less than 10 g/1., de-
viations from ideality are seldom sufficient to introduce
errors of more than a few per cent into the apparent mo-
lecular weight, except perhaps under conditions of un-
usually high net charge per monomer unit. Even in the
case of B-lactoglobulin at acid pH (Albright and Wil-
liams, 1968), where the magnitude of the second virial
coefficient is unusually high, nonideality corrections only
become of major importance for concentrations above
5 g/l

Osmotic pressure offers many advantages for the
study of associating protein systems of this kind. In par-
ticular, the use of a number-average molecular weight
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FIGURE 3: The variation of ¢ with 8 for the system of Figure
1(m =20 X109,

avoids the undue weighing of the higher complex spe-
cies characteristic of methods yielding a weight-average
molecular weight, as is notoriously the case with light
scattering. It should also be stressed that the theory out-
lined here may be applied without modification to any
technique yielding a number-average molecular weight,
including the classical colligative methods. It should
therefore be applicable to systems of small molecules.

The use of sedimentation equilibrium to study systems
of this kind encounters serious difficulties which may
preclude a workable analysis except in favorable cases.
In particular, if the monomer units differ significantly
in molecular weight, a redistribution of monomer spe-
cies may occur within the cell, so that the ratio of total
monomer concentrations is a function of radial position.
Since this ratio cannot normally be measured directly,
an essential piece of information is lacking.

In practice, of course, the precision falls off sharply
for the higher association constants. Until more precise
techniques are available it will rarely be feasible to ob-
tain more than the first three or four constants by this
kind of approach.

The extension of the basic theory to nonideal systems
encounters severe difficulties, which should not however
be insuperable. In a subsequent publication it is hoped
to make this extension, thereby completing the theory.
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